Illustrative problems in uncertainty

1.
An agent lives in an uncertain world. The agent faces a set of three possible ultimate outcomes: {$10,000, $4000, -$2000}

You are told that the agent is indifferent between receiving $4000 with certainty and taking a prospect that offers $10,000 with probability .6 and which offers -$2000 with probability .4.

a) Can you deduce from this information that the agent is risk averse.

b) Can you deduce from this information that the agent would rather receive $4000 with certainty than face a gamble which offers $10,000 with probability .5, $4000 with probability .15 and -$2000 with probability .35.

2.
Consider the utility function, 
[image: image1.wmf]2

x

-

400x

+

200

 

=

 

u(x)

.

a) Over what range is this utility function monotonically increasing?

b) Over this acceptable range, what is the Arrow-Pratt measure of absolute risk-aversion? Does it rise or fall with income?

c) Provide an expression which could be solved to calculate the demand price for the risky asset, (2,1;.5,.5), when income is 10. Given the Arrow-Pratt measure calculated in (ii) what would be the direction of change of the demand price if income rose to 100?

3. Assume that an individual with a utility of wealth function of the form U = log(W) acts in risky situations so as to maximize the expected utility of her wealth.

(a) She begins with $100 and has the opportunity of putting a fraction (1‑k) in safe cash and a fraction k in a gamble that pays, for each dollar invested, $2.00 if heads turns up on the toss of a fair coin and $0.50 if tails turns up (i.e. if she bets $k she wins $2k on heads or $0.5k on tails). Show that she should bet $50.

(b) With $200 of initial wealth, will she still bet $50?

(c) What will a person's bets be in (a) and (b) if her utility of wealth function is U(W) = ‑50 + 10log(W)?

(d) Answer part (c) in the case where U(W) = W.

4. (Lafont, 1989) Anne has won a quiz contest. She can choose one of two lotteries as her prize. The lotteries are L1: (1,100;.8,.2) and L2: ((10,1090;.99,.01). Anne maximizes expected utility and has the utility function ln(w). The lotteries are Anne’s only source of income.

Given Anne’s risk attitude, as measured by the Arrow-Pratt coefficient of either absolute or relative risk aversion, does information about the mean and variance of each lottery allow you to rank the desirability of the lotteries to her?

5. Alfred has a utility function u(w) = ln w, where w is wealth. Alfred owns a hotel which has .5 probability of increasing his wealth by 6 and a .5 probability of decreasing his wealth by 2.

a) If Alfred’s wealth from other sources is a certain 3, what is his supply price, ps, for the hotel?

b) Assume instead that Alfred=s wealth from other sources is random so that without the hotel his income would be 9 with a probability of .5 and 1 with a probability of .5. (Note that Alfred is as well off without a hotel given this lottery as he was with a certain income of 3). Also assume that the lottery of his other income is inversely correlated with the hotel’s random income, i.e. when the hotel earns 6 his other source of income generates an income of 1 and when the hotel loses 2 his other income source generates an income of 9. Calculate the supply price of the hotel in this case. 

c) Based on the attitude to risk of Alfred explain in as much detail as possible why the supply price differs between the two situations.
6. An individual who is an expected utility maximizer has the utility function u = x1/2 and a certain income of 100. An asset that pays 10 in state 1 and 50 in state 2 is available. State 1 and state 2 are equally probable. What is the individual's demand price for the asset? What is the individual's measure of absolute risk aversion at the income level of 100? Does this indicate anything about how the demand price would change if the certain income increased from 100?
7. Consider an individual who has the utility function, 
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, where x is income. The individual maximizes expected utility. The individual receives income of 50000 it she is healthy and 20000 if not. Her probability of being healthy is .9.

(i) What is the Arrow-Pratt measure of absolute risk aversion for the individual when she is healthy and when she is not healthy. What does your answer convey about the willingness of the individual to bear risk? 

(ii) Suppose that the individual can obtain disability insurance at a price per dollar of insurance equal to the actuarially fair price. Write the budget constraint for the individual, her optimization problem, and the first order conditions for that problem. 

(iii) If there were no transactions costs, could the price of health insurance be ten percent above the actuarially fair price under competition?

8. A representative individual with utility function, u = ln y where y is income, enjoys net income of 10000 by undertaking criminal activities, if s/he is not apprehended. If apprehended, s/he will pay a fine of 5000 and have a net income of 5000. The probability of apprehension is .2. A new district attorney proposes both increasing resources spent on apprehension so that the probability of catching a criminal rises to .4 and lowering the fine to 2500. Will this change in policy raise or lower the attractiveness of crime to the representative individual?

9. You have a choice first between the lotteries X and Y and secondly between the lotteries X* and Y*. The lotteries depend on a draw from an urn with 90 colored balls in total. 30 balls are red while the other sixty balls are an unknown mix of yellow and black balls. A ball is chosen from the urn. Each lottery differs in the payoff for the color of ball drawn. The payoffs are listed in the table below. 

	Lottery
	30 balls
	60 balls

	
	Red
	Black
	Yellow

	X
	1000
	0
	0

	Y
	0
	1000
	0

	X*
	1000
	0
	1000

	Y*
	0
	1000
	1000


List your choices and then discern whether they are consistent with the EU hypothesis or not. (Ellsberg problem)

10. There are four uncertain prospects c1, c2, c3 and c4. Note that in the notation the numbers in brackets before ; are payoffs and the numbers after ; are the probabilities of the respective payoffs. For example, c1 represents a prospect with a .8 probability of 1000 and a .2 probability of 0. 

c1: {1000, 0; .8, .2}


c2: {2000, 0; .4, .6}

c3: {1000, 0; .4, .6}


c4: {2000, 0; .2, .8}

Choose between c1 and c2 and between c3 and c4.

Are your choices consistent with EU theory?          (Allais problem)

11. Adam is endowed with a bushel of fruit in period 0 and Eve has none. Adam also has a tree that bears 1 bushel of fruit in state of the world a in period 1 and none in state of world b in period 1. Similarly Eve has a tree that bears no fruit in state of the world a in period 1 and 1 bushel of fruit in state of the world b in period 1. Adam and Eve are expected utility maximizers. Each has the same expected utility function: ln(c0)+π1aln(c1a)+π1bln(c1b), where π1a is the probability of state a in period 1 and π1b is the probability of state b in period 1, c0 is consumption in period 0, c1a is consumption in state a in period 1 and c1bis consumption in state b in period 1 . The probabilities of state a and state b are π1a=.5 and π1b=.5. 

Assume that a bushel of fruit in period zero is the numeraire and that there exists a full set of contingent prices for state 1, p1a and p1b, giving the amount that must be paid in period 0 to purchase a bushel of apples in each state (or the amount that one obtains in period zero by selling a bushel of apples to be delivered in the specified state in period 1). Also assume that Adam and Eve act as price takers. 

Calculate Adam's demand for bushels of apples in period 0, his demand for bushels of apples in period 1, state a, and his demand for bushels of apples in period 1, state b. 

Given that Eve's demand for bushels of apples in period 0 is .5(p1b), that her demand for bushels of apples in period 1, state a, is (.25/p1a)(p1b) and that her demand for bushels of apples in period 1, state b is, (.25/p1b)(p1b), calculate the equilibrium values of p1a and p1b. What is the riskless rate of interest in the garden?
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